ORBITS OF DISCRETE SUBGROUPS ON A SYMMETRIC SPACE AND 

THE FURSTENBERG BOUNDARY 



ALEXANDER GORODNIK AND HEE OH 

Dedicated to Hillel Furstenberg with respect and admiration 

Abstract. Let X be a symmetric space of noncompact type and F a lattice in the isometry 
group of X. We study the distribution of orbits of F acting on the symmetric space X and 
its geometric boundary X{oo). More precisely, for any y ^ X and b G A'(oo), we investigate 
the distribution of the set {(1/7,67"^) : 7 £ F} in X x X{oo). It is proved, in particular, 
that the orbits of F in the Furstenberg boundary are equidistributed, and that the orbits 
of F in AT are equidistributed in "sectors" defined with respect to a Cartan decomposition. 
We also discuss an application to the Patterson-Sullivan theory. Our main tools are the 
strong wavefront lemma and the equidistribution of solvable flows on homogeneous spaces. 



1. 



7. 



Contents 



Introductionl 



2. Main ingredients of the oroo^ 



3. Cartan decomposition and the strong wavefront lemmal 



4. Contractions on 

5. Volume estimated 



6. Eouidistribution of solvable flowd 



Distribution of lattice points in sectors and the boundary 
Distribution of lattice points in bisector^ 
9. Mea,sure-nresRrving lattice actiond 



10. Application to the Patterson-Sullivan theory 
Eeferenced 



1 
7 
10 
14 
16 
19 
25 
29 
32 
33 
36 



1. Introduction 

Let D denote the hyperbolic unit disc and T a torsion free discrete subgroup of the 
isometry group of D such that ©/F has finite area. The geometric boundary of D is the 
space of the equivalence classes of geodesic rays in D. It can be identified with the unit 
circle S. Note that the action of F on D extends to the geometric boundary of D. 

Let a; G D. We denote by BT(a;) the ball of radius T centered at x. For an arc f2 C §, 
the sector Sx{fl) in D is defined to be the set of points z G D such that the end point of 
the geodesic ray from x to z lies in Q. Denote by m^. the unique probability measure on § 
invariant under the isometrics that fix the point x. Then: 
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A. For any x,y & 3, b E 



§ and an arc i7 C S 



#{7 G r : 67 ^en,y-fe Bt(x)} -t^oo my{n) ■ 



Area(BT(x)) 
Area(D/r) ' 



B. For any a;, ?/ G © and an arc i7 C §, 



#{7 e F : 7/7 G S^iQ) n Bt(x)} 



■00 



Area(BT(x)) 
Area(D/F) 



C. For every x, ?/ G D, 6 G 



S and arcs fii, ^2 C §, 



#{7 G r : y7 G n Bt(x), 67-1 G 1^2} 



Area(BT(x)) 
Area(D/F) ' 



Statement (A) may be deduced from the work of A. Good ^GJ. Statement (B) was 
shown by P. Nicholls |N] (see also |Shj ) . Statement (C), which is new, shows that the 
equidistribution phenomena in (A) and (B) are indeed independent. 

The main purpose of this paper is to obtain an analog of statement (C) (note that (C) 
implies both (A) and (B)) for an arbitrary Riemannian symmetric space of noncompact type 
(see Theorems II . II and II . 21 below) . We also generalize statement (B) to the equidistribution 
of lattice points in a connected noncompact semisimple Lie group G with finite center with 
respect to both /^-components in a Cartan decomposition G = KA^K (see Theorem 11.61 
below) . 

Let X be a Riemannian symmetric space of noncompact type and X(oo) the geometric 
boundary of X (that is, the space of equivalence classes of geodesic rays in X). Denote by 
G the identity component of the isometry group of X acting on X from the right. Let F be 
a lattice in G, i.e., a discrete subgroup with finite covolume. The action of G on X extends 
to X{oo). 




Figure 1. 
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For X G X, we denote by Bt(x) the Riemannian ball of radius T centered at x, by 
the stabilizer of x in G, and by u^. the probability Haar measure on K^. For x G X and 
b e X{oo), we denote by rrib^x the unique probability i^^-invariant measure supported on 
the orbit bG C X{oo) (note that G acts transitively on X(oo) only when the rank of X is 
one, and that Kr,. acts transitively on each G-orbit in X{oo)). Fix a closed Weyl chamber 
Wx C X ai X. According to the Cartan decomposition, we have X = W^K^. Let Mj, 
denote the stabilizer of Wx in K^. 

The following is one of our main theorems: 

Theorem 1.1. For x,y & X , b & X{oo), and any Borel subsets Qi C and Q2 C bG 

with boundaries of measure zero, 

-i.m „...n^™ ^ VoI(Bt) 



#{7 G r : 7/7 G Wx^i n Bt(x), b^-' G ^2} 



VoKG/F) ' 

where VoI(Bt) denotes the volume of a ball of radius T in X . 

We deduce Theorem II . II from a stronger result on the level of Lie groups. Fix the following 
data: 

• G - a connected noncompact semisimple Lie group with finite center, 

• Gn - the product of all noncompact simple factors of G, 

• G = KiA^Ki - a Cartan decomposition of G, 

• d - an invariant metric on Ki\G, 

• K2 - a maximal compact subgroup of G, 

• Q - a closed subgroup of G that contains a maximal connected split solvable sub- 
group. 

Recall that a solvable subgroup S is called split if the eigenvalues of any element of Ad(S') 
are real for the adjoint representation Ad : G GL(Lie(G)). It is well-known that a 
maximal connected split solvable subgroup is a subgroup of the form AN for an Iwasawa 
decomposition G = KAN . Thus, G = K2Q- Denote by vi and z/2 the probability Haar 
measure on Ki and K2 respectively. Let Mi be the centralizer of A in Ki and M2 = K2r\Q. 
Since any two maximal compact subgroups of G are conjugate to each other, there exists 
g E G such that K2 = g^^Kig. Let F be a lattice in G such that FG^Q = G. 

Theorem 1.2. For any Borel subsets Qi C Ki and fl2 C K2 with boundaries of measure 
zero, 

#{7 G F n g-^K,A-^n^ n l^sQ : d{K,, K^gi) < T} 

VoI(Gt) 



Vol(G/F) ' 

where VoI(Gt') denotes the volume of a Riemannian ball of radius T in G. 

To understand the presence of Mi and M2 in the above asymptotics, observe that 
KiA+VLi = KiA+MiQi and Q2M2Q = Q2Q- 

Remark 1.3. We mention that the continuous version of Theorem 11.21 does not seem 
obvious either. The method of the proof of Theorem 11.21 also yields the following volume 
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asymptotics: 

Vol{{h G g-^KiA+ni n fiaQ : d{Ki,Kigh) < T}) 

VoI(Gt) 



z/l(Ml^]l)z/2(^]2M2) 



Voi(G/r) ■ 

Remark 1.4. If in Theorem 11.21 we replace KiA^Qi by QiA^Ki, then the statement of 
the theorem is false. In fact, we can show that there exist nonempty open subsets Qi C Ki 
and ^2 C K2 such that 

hm ] Vol({/i G g-^^rA^K^ n ^^Q : d[K^, K,gh) < T}) = 0. 
T^oo VoI(Gt) 

To state yet another generalization of statement (B), we fix a Cartan decomposition 
G = KA~^K and an invariant Riemannian metric d on K\G. Let F be any lattice in G. 
Recall that Eskin and McMullen showed in |EMj that for a lattice F in G, 

Vol(G^) 



(1.5) #{7 e r : diK, Kg^) <T} = #(F n g-'KA^K) Vo1(G/F) ' 

where A^ = {a G : Ka) < T}. The following theorem generalizes this result: 

Theorem 1.6. For g E G and any Borel subsets Qi G K and d K with boundaries of 
measure zero, 



VoKG/F) V ^ ^ V -J Yo\{G/vy 

where M is the centralizer of A'^ in K, and v is the 'probability Haar measure on K. 

We now present several corollaries of (the methods of) the above theorems. 

1.1. Lattice action on the Purstenberg boundary. For a connected semisimple Lie 
group G with finite center, the Furstenberg boundary of G is identified with the quotient 
space G/ P where P is a minimal parabolic subgroup of G (see jGJTl| Ch. IV]). In the rank 
one case, the Furstenberg boundary G/P coincides with the geometric boundary X(oo) of 
the symmetric space X of G. In the higher rank case, G/P is isomorphic to the G-orbit 
in X{oo) of any regular geodesic class and can be identified with the space of asymptotic 
classes of Weyl chambers in X. 

It is well-known that the action of a lattice F on G/P is minimal, i.e., every F-orbit is dense 
( |Mo[ Lemma 8.5]). A natural question is whether each F-orbit in G/P is equidistributed. 
Corollary II. 7| which is a special case of Theorem 11.21 implies an affirmative answer in a 
much more general setting. 

Let d denote an invariant Riemannian metric on the symmetric space X ~ K\G, where 
if is a maximal compact subgroup of G. 

Corollary 1.7. Let Q be a closed subgroup of G containing a maximal connected split 
solvable subgroup of G and g E G. Denote by Vg the unique g~^ Kg -invariant probability 
measure on G/Q. Let b E G/Q and T be a lattice in G such that FG„6 = G/Q. Then for 
any Borel subset Q C G/Q such that UgldQ) = 0, 

#{7 G F : 76 G n, d{K, Kg^) < T} ^r^^ z/,(^]) ■ ^^jf-y 
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It follows from the result of N. Shah (SJ Theorem 1.1] and Ratner's topological rigidity 
|R2j that the condition TGnb = G/Q is equivalent to the density of the orbit Tb in G/Q. 

In the case when Q is a parabolic subgroup of G, a different proof of this result, which is 
based on ideas developed in is recently given in |GMj . 

In the last decade or so there have been intensive studies on the equidistribution properties 
of lattice points on homogeneous spaces of G using various methods from analytic number 
theory, harmonic analysis and ergodic theory f fPR^ . [EM] . |EMMj . jEMS], 120], |E 



|Goj . [Lj, (Ml 5 |Noj . etc.). Of particular interest is the case when the homogeneous space 
is a real algebraic variety. While most of the attention in this direction is focused on the 
case of affine homogeneous varieties, there is not so much work done for the projective 
homogeneous varieties, except for recent works |Goj and [M]. In |Goj . one studies the 
distribution of lattice orbits on the real projective homogeneous varieties of G = SL^ 



with respect to the norm given by \\g\\ = yj^dij^ 9 ^ SL„(]R). In one investigates 

the distribution of lattice orbits on the boundary of a real hyperbolic space. Corollary 
11.71 extends both results by proving that an orbit of a lattice in a connected noncompact 
semisimple real algebraic group G is equidistributed on any projective homogeneous variety 
of G (with respect to a Riemannian metric). 

More generally, we state the following conjecture: 

Conjecture 1.8. Let G be a connected semisimple Lie group with finite center, T a lattice 
in G, and Y a compact homogeneous space of G. Then every dense orbit of T in Y is 
equidistributed, i.e., there exists a smooth measure u on Y such that for any y E Y with 
Ty = Y and for any Borel set fl gY with boundary of measure zero, 

VoI(Gt) 



#{7 e r : 71/ G n, d{K, K^) < T] ^t^^ 



Voi(G/r) ■ 



The structure of compact homogeneous spaces of G was studied in j Morj . We note that 
the case of the conjecture when Y = G/T for a cocompact lattice is also known (see Theorem 

OD. 

1.2. Measure-preserving lattice actions. Let G be a connected semisimple noncompact 
Lie group with finite center and Fi, r2 lattices in G. We consider the action of Fi on G/F2. 
Let d be an invariant Riemannian metric on the symmetric space K\G. 

Theorem 1.9. Suppose that for y G G/T2, the orbit Tiy is dense in G/V2 Then for any 
g E G and any Borel subset Q C G/T2 with boundary of measure zero, 

{7 e F, : 7. e n, diK, Kg,) < T} ^^^^^^ " ^^^^^^^ 



Vol(G/Fi) Vol(G/F2) ' 
where all volumes are computed with respect to one fixed Haar measure on G. 

For example. Theorem 11.91 applies to the case when G is a simple connected noncompact 
Lie group, and Fi and F2 are noncommensurable lattices in G. (Recall that the lattices are 
called commensurable if Fi fl F2 has finite index in both Fi and F2.) It was first observed 
by Vatsal (see jVj) that F1F2 is dense in G/F2. This is a (simple) consequence of Ratner's 
topological rigitity |R2j . 



ORBITS OF DISCRETE SUBGROUPS 



6 



Theorem 11.91 was proved in [0] for G = SL„(R) equipped with the norm \\g\\ = y^gj 
and in \GW\ for general semisimple Lie groups without compact factors. 



1.3. Counting lattice points lying in sectors and an application to the Patterson- 
Sullivan theory. Keeping the notations of Theorem ll.il we note that Wx^i is an analog 
of the sector discussed in the beginning of the introduction. Hence the following 

corollary, which is a special case of Theorem 1 1.6t is a generalization of (B): 

Corollary 1.10. For x,y & X and a Borel subset Q C with boundary of measure zero, 

VoI(Bt) 



Voi(G/r) ' 



This result was shown by Nicholls jN] for the case of a real hyperbolic space (see also 

Corollary II. 101 is related to the theory of Patterson- Sullivan measures. These measures, 
which were introduced by Patterson [P] and Sullivan piJI in the case of a real hyperbolic 
space, have proved to be an invaluable tool for the study of spacial distribution of orbits of 
discrete groups of isometrics. The theory of Patterson and Sullivan was extended to higher 
rank symmetric spaces by several authors (see jXj, [Q], (Lij). 

Recall that X U X{oo) equipped with conic topology is one of the standard compactifi- 
cations of X (see |GJT| Ch. 111]). Denote by 6r the critical exponent of the Dirichlet series 
J2-yer e'^^^^'y^'' where x,y G X. For x,y E X and s > 5r, define measures on X U X(oo): 

where denotes the Dirac measure at a point z E X. The family of Patterson-Sullivan 
measures {fi^ '■ x E X} is defined by 

Hx = lim Hx^y^s- 

Using Corollary 11.101 we deduce the following characterization of the Patterson-Sullivan 
measures: 

Corollary 1.12. For every x E X , fi^ is the unique K^-invariant probability measure 
supported on the set bK^ C X(oo), where b is the equivalence class containing the geodesic 
ray emanating from x in the direction of the bary center of the Weyl chamber Wx ■ 

CoroUarv 11.121 was obtained by Albuquerque jXj, extending the work of Patterson |P] . 
Sullivan |Suj in the rank one case and the work of Burger |Buj in the case of the product of 
rank one spaces. Our proof has a completely different flavor compared to their geometric 
methods. 



1.4. Acknowledgments. The first author wishes to thank for the hospitality of the De- 
partment of Mathematics in California Institute of Technology, where most of this work has 
been done. 
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2. Main ingredients of the proofs 

2.1. The strong wavefront lemma. The following theorem is a basic tool which enables 
us to reduce the counting problems for F as in Theorems 11.21 and 11.61 to the study of 
continuous flows on the homogeneous space r\G. 

Let G be a connected noncompact semisimple Lie group with finite center, G = KA^K 
a Cartan decomposition, and M the centralizer of A in K. 

Theorem 2.1 (The strong wavefront lemma). Let C he any closed subset of A^ with 
a positive distance from the walls of A^ . Then for any neighborhoods Ui, U2 of e in K and 
V of e in A, there exists a neighborhood O of e in G such that for any g = kiak2 G KCK, 

(1) gOc{hUi){aVM){hU2); 

(2) Og C ihU,)iaVM){k2U2). 

Remark 2.2. One can check that Theorem 12. II fails if the set C contains a sequence that 
converges to a point in a wall of the Weyl chamber A'^. 

Theorem 12.11 has several geometric implications for the symmetric space K\G: 

• Strengthening of the wavefront lemma. Recall that the wavefront lemma introduced 
by Eskin and McMuUen in [EM says that for any neighborhood O' of e in G, there 
exists a neighborhood (9 of e in G such that 

(2.3) aO C O'aK for all a G A+. 

To see that our strong wavefront lemma (1) implies the wavefront lemma for a G A'^ 
with at least a fixed positive distance from the walls of A"*", note that O' contains 
UiV for some neighborhood Ui of e in if and some neighborhood of e in A, and 
hence 

UiaVMK = UiVaK C O'aK 
By Theorem 12. II (1), there exists a neighborhood O oi e such that 

aO C UiaVMK. 

Thus, aO C O'aK. 

To illustrate geometric meaning of the strong wavefront lemma (1), we consider the 
unit disc © equipped with the standard hyperbolic metric and the geodesic flow gt on 
the unit tangent bundle T^(D) that transports a vector distance t along the geodesic 
to which it is tangent. Note that with the identification T^(D) ~ PSL2(M), the 

f e*/2 \ 

geodesic flow gt corresponds to the left multiplication by ( ^ _^^2 j ■ Let j9 G D 

and let K C T^(D) be the preimage of p under the projection map vr : T^(D) D. 
Note that K consists of vectors lying over p and pointing in all possible directions, 
and gt{K) consists of the unit vectors normal to the sphere St{p) C © of radius t. The 
wavefront lemma (see ()2.3|) ) implies that one can flnd a neighborhood O C T^(©) 
of a vector v based at p such that gt{0) remains close to gt{K) uniformly for every 
t > 0. 

However, this does not compare gt{0) with the vector gt{v), but rather with the 
set gt{K). Theorem l2.1l fl) says that we may choose a neighborhood (9 of f in T^(©) 
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Figure 2. 

so that gt{0) is close to the vector gt{v) uniformly on t in both angular and radial 
components (see Fig. 2). 

• Uniform openness of the map K x x K ^ G. The product map 

K X (interior of A'^) x K G 

is a diffeomorphism onto a dense open subset in G, and in particular, it is an open 
map. Theorem 12.11 (2) shows that this map is uniformly open with respect to the 
base of neighborhoods Og, where O is a neighborhood of e in G and g & G, on any 
subset contained in K x x K with a positive distance from the walls of 

We illustrate the geometric meaning of this property for the case of the hyperbolic 
unit disc D. It follows from Theorem 12.11 f 2) that for every neighborhood O' of e in 
G, there exists a neighborhood O of e in G such that for every a G A'^ with at least 
a fixed positive distance from the walls of 

Oa C KaO'. 

This implies that for every open subset O' C T^(D), p G O', and any t > 0, the set 
n{gt{0')) contains a ball centered at 7i{gt{p)) with a radius independent of t. 

• Well-roundness of bisectors. Theorem 12.11 (2) also implies the following corollary, 
which is a generalization of the well-known property that the Riemannian balls are 
well-rounded (a terminology used in [EM]). Note that the Riemannian ball {g E G : 
d{K, Kg) < T} is of the form KA^K, where = {a G : d{K, Ka) < T}. 

Corollary 2.4. For Borel subsets ^^1,^22 C K whose boundary has measure zero, 
the family {VLiAi^VL2 '■ T > 0} of bisectors is well-rounded, i.e., for every e > 0, 
there exists a neighborhood O of e in G such that 

Voi(c ■ d{niA+n2)) < e ■ Vol(filA+^]2) 

for allT > 0. 
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To see how Theorem 12.11 (2) imphes the above corollary, it suffices to note that 
by the integration formula for a Cartan decomposition (see (jS-H) below), there exist 
a small neighborhood U of e in and a small neighborhood V of e in A such that 

Vo\{{d{ni)U){d{A^)VM){d{n2)U)) < e ■ VoK^^iA+l^a)- 

2.2. Uniform distribution of solvable flows. Using the strong wavefront lemma. Theo- 
rem is deduced from Theorem 12.51 below, which is also of independent interest from the 
viewpoint of ergodic theory. 

Let i^' be a maximal compact subgroup of G with the probability Haar measure u. Let 
Q be a closed subgroup of G containing a maximal connected split solvable subgroup of G, 
and let p be a right invariant Haar measure on Q. Fix a Cartan decomposition G = KA^K 
and g E G. For T > and a subset C -fT, we define 

QT{g, n) = {qeQ:qe g-'KA+Q, d{K, Kgq) < T}. 

If f2 = and g = e, the set Qrig,^) is simply {q E Q : d{K,Kq) < T}. Recall that G„ 
denotes the product of all noncompact simple factors of G. 

Theorem 2.5. Let G be realized as a closed subgroup of a Lie group L. Let A be a lattice 
in L. Suppose that for y G A\L, the orbit yGn is dense in A\L. Then for any Borel subset 
Q (Z K with boundary of measure zero and f G Gc{A\L), 

T^oo piQrig, K)) Jg^^g^n) f^{^\L) A\l 

where M is the centralizer of A in K, and fi is an L-invariant measure on A\L. 

A main ingredient of the proof of Theorem 12. 51 is the work of N. Shah S, (see Theorem 16.21 
below) on the distribution in A\L of translates yllg as g ^ oo for a subset U G K. Shah's 
result is based on Ratner's classification of measures invariant under unipotent flows RT] 
and the work of Dani and Margulis on behavior of unipotent flows [DM^ . Implementation 
of Shah's theorem in our setting is based on the fundamental property of the Furstenberg 
boundary B of G: every regular element in a positive Weyl chamber acts on an open subset 
of full measure in as a contraction. 

Remark 2.6 (on the rate of convergence). The method of the proof of Theorem 16.21 
in [S] does not give any estimate on the rate of convergence. In the case when L = G 
and U = K, Theorem 16.21 was proved by Eskin and McMuUen in jEMj . The latter proof 
is based on the decay of the matrix coefficients of the quasi-regular representation of G 
on L'^{r\G) and provides an estimate on the rate of convergence. Combining the strong 
wavefront lemma fTheorem l2.1|) with the method from |EMj . we can derive an estimate for 
the rate of convergence in Theorem 12.51 when L = G provided that one knows the rate of 
decay of matrix coefficients of L^(r\G). In this case, it is also possible to obtain rates of 
convergence for the theorems stated in the introduction. We hope to address this problem 
in a sequel paper. 
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2.3. Equidistribution of lattice points in bisectors. For Qi,Q2 C K, and g ^ G, we 

define 

Grig, ni,n2) = {heG:he g-^niA+Q2, d{K,Kgh) < T}. 
Using the strong wavefront lemma (Theorem 12.11 (2)). Theorem ll.fil is reduced to showing 
that the sets Grig, ^i, ^2) are equidistributed in r\G in the sense of Theorem 12.51 for any 
Borel subsets Qi,Q2 C K with boundaries of measure zero. 

3. CaRTAN DECOMPOSITION AND THE STRONG WAVEFRONT LEMMA 

Let G be a connected noncompact semisimple Lie group with finite center, K a maximal 
compact subgroup of G, and G = K exp{p) the Cartan decomposition determined by K. A 
split Cartan subgroup A with respect to is a maximal connected abelian subgroup of G 
contained in exp(p). It is well-known that two split Cartan subgroups with respect to K 
are conjugate to each other by an element of K. Fix a split Cartan subgroup A of G (with 
respect to K) with the set of positive roots $^ and the positive Weyl chamber 

A~^ = {ae A: a(loga) > for all a G 

Set a = log(y4) and a+ = \og{A~^). Let M be the centralizer of A in K. Note that M is 
finite if and only if G is real split. 

The following lemma is well-known (see, for example, [KJ Ch. V]). 

Lemma 3.1. (Cartan decomposition) For every g E G, there exist a unique element 
fi{g) G \og{A^) such that g G K exp{n{g))K . Moreover, if kiak2 = k'^ak'2 for some a in the 
interior of A^ , then there exists m E M such that ki = k[m, ^2 = rn~^k'2. 

Denote by d an invariant Riemannian metric on the symmetric space K\G. 

Lemma 3.2. For every ai and 02 in the interior of and k (z K , 

d{Kai, Ka2) < d{Kaik, Ka2)- 

Proof Let = exp(iJj) for Hi G a+, i = 1,2. Then Kaik = K exp{Ad{k~'^)Hi). Applying 
the cosine inequality (see ^ Corollary 1.13.2]) to the geodesic triangle with vertices Ke, 
Kaik, and Ka2, we obtain 

d{Kaik, Ka2f > d{K, Kaikf + d{K, Ka2f - 2d{K, Kaik)d{K, Ka2) cos a 

= \\Hif + IliJsf -2||i/i||||i/2|| cosa, 

where a is the angle at the vertex Ke. Since 

(Ad(fc-i)ifi,if2) 

\m.\\H2\\ 

and by Lemma f3.3l below. 

{Ad{k-')H,,H2) < {H,,H2), 

it follows that 

d{Kaik,Ka2f > ||^if + \\H2f - 2{Hi, H2) = - i/sf = d{Kai,Ka2f. 
The lemma is proved. □ 
Lemma 3.3. For any Hi and H2 in the interior of and for any k E K , 

{Hi,H2) > {Ad{k)Hi,H2). 
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Proof. By jHJ Proposition VIII. 5. 2] and its proof, every G-invariant positive definite form 
on K\G is of the form c^Bi, where i?j's are the Killing forms of the simple factors of G 
and ai > 0. Thus, it is sufficient to consider the case when G is simple, and the Riemannian 
metric is given by the Killing form B of G. 

Define the function f{k) = {Ad{k)Hi, H2) on K. Let E K he a. point where / attains 
its maximum. For every Z G Lie(-ft'), 



dt 



d 



tz 
d 



t=o 



= B (^Ad(A;o)-[^^(Ad(e*^)ifi),/72j = B{M{ko){s.<l{Z)H{), H^) 

= B{Ad{ko)[Z,H,],H2) = B{Adiko)Z, [Adiko)H^, H^]). 

This shows that [Ad{kQ)Hi, H2] -L Lie{K). Since [Ad{ko)Hi, H2] G Lie(-ft') and the restric- 
tion of B to Lie(i^) is negative definite, it follows that [Ad(A;o)-f^i, -^^2] = 0. Therefore, 
Ad{ko)Hi G a. Since the Weyl group W acts transitively on the set of Weyl chambers in A 
and K contains all representatives of the Weyl group, there exists an element w E K that 
normalizes A such that Ad{w~^kQ)Hi G a"*". Since Hi is in the interior of a"*", it follows from 
the uniqueness of the Cartan decomposition fLemma 13. 1|) that Ad{ko)Hi = Ad{w)Hi. It 
is easy to see jHl p. 288] that || Ad{w)Hi — H2\\, w G W, achieves its minimum at w = e. 
This implies that {Ad{w)Hi, H2) is maximal for w = e and finishes the proof. □ 

Proposition 3.4. Let C be a closed subset contained in A~^ with a positive distance from 
the walls of A^ . Then for any neighborhood Uq of e in K, there exists e > such that for 
any a E C, 

{keK : d{Kak, Ka) < e} C MUq. 

Proof. Denote by 11 the set of simple roots corresponding to the Weyl chamber A~^. Without 
loss of generality, we may assume that 

C = {aeA+ : a(loga) > C for all a G H} 

for some C > 0. Suppose that in contrary there exist sequences {ai} C C and {ki} C K 
such that d{Kaiki, Kai) — > as i — > 00, and no limit points of {k^} are contained in M. 
Passing to a subsequence, we may assume that fcj — > /cq as i 00 for some k^ E K — M, 
and for every a G $, the sequence {a(logaj)} is either bounded or divergent. Set 

$± = {« G $ : Q;(logaj) ±00 as i ^ 00}, 

$0 = {« G $ : {a(logaj)} is bounded}. 

Let be the standard parabolic subgroup associated to 11 — and P~ the standard 
opposite parabolic subgroup for P+. Note that 

P^ = {g E G : {aiga~^} is bounded}. 

Denote by and U~ the unipotent radicals of P~^ and P~ respectively. Set Z = P^ n P^, 
so that P^ = ZU^. It is easy to see that P^ (1 K C Z. Denote by q, u+, u", 3 the 
corresponding Lie algebras and by gc, a G $, the root subspaces in q. We have 

(3.5) = ©ae^i 0a and 3 ~ ®ae^o 0a- 



Step 1: We claim that k^ E Z. 
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There is an embedding tt : G/Cg SL(i(M), where Cq is the center of G, such that 
■n^ACc) is contained in the group of diagonal matrices. We have 

Ti{aikia~^)st = n{ai)ss7r{ai)^i^ ■ 7r{ki)st, s,t = 1, . . . , d. 

Passing to a subsequence, we may assume that for each (s, t), the sequence {7r{ai)ssTc{ai)ff.^} 
is either bounded or divergent. If the sequence {7r(aj)ss7r(ai)j^^} is divergent, then Tr(ki)st — > 
as i — oo. Thus, vr(/co)st = for every pair {s,t) such that {7i{ai)ss'n'{cLi)tt^} is divergent. 
It follows that Ti{aikoa~'^) is bounded. Since the center of G is finite, this proves that the 
sequence {ajfcoa^^} is bounded. Thus, ko G P~. Since P~ Ci K C Z, the claim follows. 

Step 2: We claim that d{KaikQa~^ , K) as i ^ oo. 

Write ki = k^U where U E K and /j — e as z ^ oo. Then 

(3.6) d{Kaiki, Kui) = d(Kaikoa^^ , Kail^^a^^) ^0 as i ^ oo. 

Thus, the sequence {ail~^a~^} is bounded, and hence, we may assume that it converges. 
Since l^^ — > e as i ^ oo and g = u~ © 3 © u+, we obtain that = u^Ziuf for some 
u~ G U~, Zi G Z, and uf G such that u'[ ^ e, Zi ^ e, and — e as i — > 00. It 
follows from ()3.5j) that aiU~a^^ e and aiZiO^^ ^ e as i — 00. Hence, ail~^a~^ — > as 
2 —i> 00 for some u'^ G f/"*". On the other hand, by Step 1, passing to a subsequence, we 
get aikoa~^ ^ z as i — 00 for some z G Z. Thus, by ()3.6|) . 2;~-'^'u"'" G -ft' as i — 00. Since 
P''" n i^' C 2', we deduce that = e. Hence, ail~^ai e as i ^ 00, and the claim follows 
from ()3.6|) . 

Step 3: We claim that aik^a'^ = dikod~^ for some bounded sequence {di} C C. 

Recall that the system of simple roots H is a basis of the dual space of the Lie algebra 
of A. Hence, we may write Oj = biCi where bi,Ci G such that a(log6j) = for every 
a G H n and a(logCj) = for every a G H — $+. Then q commutes with Z, and since 
a{bi) = a{ai) for every a G H — $+, the sequence {bi} is bounded. Let cq G A'^ be such 
that a(logco) = C for every a G H fl and a(logco) = for every a G H — $+. Then 
di = biCo G C and aikoa~^ = d^k^d'^ as required. 

Taking a subsequence, we obtain that d^ ^ d^ as i ^ 00 for some d^ E C and dokodQ^ G K. 
This implies that dgko = kdo for some k & K. Since do lies in the interior of A~^ , it follows 
from the uniqueness properties of the Cartan decomposition f Lemma 13. 1|) that kg = k & M. 
This is a contradiction. □ 

Theorem 3.7 (The strong wavefront lemma). Let C be a closed subset contained in 
y4+ with a positive distance from the walls of A'^ . Then for any neighborhoods U of e in K 
and V of e in A, there exists a neighborhood O of e in G such that 

OgUgOc {kiU){aVM){k2U) 

for any g = kiak2 G KCK. 

Proof. Without loss of generality, we may assume that C = A^{G) for some G > 0, where 

A+{G) = {aeA+: a(loga) > G for all a G $+}. 

Replacing by a smaller subset if necessary, we may assume that A'^{G)V is contained in 
the interior of A+(C/2). 
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Step 1: We claim that there exists an e- neighborhood (9 of e in G such that 

Og C KaVK for all g = fciafca e KA+{C)K. 

We take e > to be sufficiently small such that the e-neighborhood of e in A is contained 
in V. Let O be the e-neighborhood of e in G. For h G Oa, write h = k[bk2 G KA~^K. 
Then d^Khk'^a'^ , K) = d{Khk'2,Ka) < e. Since d{Kb,Ka) < d^Khk'^.Ka) by Lemma l!0 
we have 

(3.8) d{Kb,Ka)<e 

and hence, h = k[bk'2 G KVaK. This shows that Oa C KaVK. Since O is iiT-invariant, 

C)A;iaA;2 C Oak2 C iTaV^ir 

This proves the claim. 

Step 2: We claim that there exists an e-neighborhood (9 of e in G such that 

(3.9) OgcKA'^{k2U) ioi all g = kiak2 e KA~^{C)K. 

Let Uo be a neighborhood of e in such that kU^k^^ C f/ for all k & K. Choose e > 
that satisfies Step 1 above, and Proposition 13 .41 holds with respect to 2e, Uq, and A+(C/2). 
Take O to be the e-neighborhood of e in G. Then for any h = k'^hk'2 G Oa, we have by 

(EHD, 

c/(ir6A;^, JsTfo) < rf(ir6A;^, Ka) + rf(K6, fsTa) < 2e. 

Since C -ft'A+(C/2)fr, by Proposition 13. 4t this implies that k'2 G Mf/g, and hence 
Oa C KA+MUq. Thus, 

0{kiak2) C KA+MUok2 C KA+M^kiU). 

Step 3: We claim that there exists a neighborhood (9 of e in G such that 

C (A;if/)A+K for all g = kiak2 G KA'^{C)K. 

Recall that by the Iwasawa decomposition, G = KAN, where is the subgroup of G 
corresponding to the sum of the positive root spaces. Since the Weyl group acts transitively 
on the sets of simple roots, there exists an element w & K that normalizes A such that 
wA+{C)w-' = iA+{C)y\ 

Let Uq be a neighborhood of e in such that Uo{wUq^w^^) C U. Let O be the neigh- 
borhood from Step 2 with respect to Uq and Oi a neighborhood of e in AN such that 
c^^Oic C O for all c G Since w E K, wOw^^ = O. Conjugating ()3.9p (with respect to 
Uq) by w, we have for any b G 'u;y4+(G)iy~"'^, 

C6 C K{A+y\wUoW-^). 
For a G A+(G), a"^ G wA+(G)w;~^ and hence 

(3.10) a-^Oi C Ca"^ C K{A+y\wUow'^). 
By taking the inverse of ()3.10|) . 

(3.11) O^a C {wUo^w-^)A+K. 
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Since the product map K x AN ^ G is a diffeomorphism, UqOi^ is a neighborhood of e 
in G. Therefore, there exists a neig hborhood O2 of e in G such that k-^02k C UqO^^ for 
all k eK. Then by ^J^, 

02kiak2 C fcit/oCf^afcs C kiUo{wUQ^w-^)A+K C fcif/A+iT. 

This finishes the proof of Step 3. 

By the above three steps, we obtain a neighborhood Oi of e in G such that for all 
g = kiak2 G KA+{C)K, 

Oig C KaVK f] KA+{k2U) n {kiU)A+K. 

By the uniqueness the Cartan decomposition (Lemma 13. Ij) . 

KaVK n KA+{k2U) n {kiU)A-^K = {kiU){aVM){k2U). 

Hence, we have shown that for every neighborhood U of e in iiT and every neighborhood V 
of e in A, there exists a neighborhood Oi of e in G such that 

(3.12) Oig C {kiU){aVM){k2U) for all g = kiak2 G KA+{C)K. 

Let Uq be a neighborhood of e in such that kU^^k'^^ C f/ for every k E K and Vq a 
neighborhood of e in A such that wV(^^w~^ C V^, where w is the element of K defined in 
Step 3. Let O2 be a neighborhood of e in G such that 

02g C {kiUo){aVoM){k2Uo) for all g = kiak2 G KA+{C)K. 

By taking the inverse, we have 

gO:^^ C {U^^k{){aV^^ M){U^^k2) for all ^ = kiak2 G irv4+(G)-iir. 

Conjugating by w, we get 

g{w02^w-^) C (A:if/)(al^M)(A;2f/) for all g = fciafca G KA+{C)K. 

Set O = Ci n (wC^^w^i) to finish the proof. □ 

4. Contractions on G/B 

Let G be a connected noncompact semisimple Lie group with finite center, K a maximal 
compact subgroup of G, and B a maximal connected split solvable subgroup of G. Let 
be the unipotent radical of B. The normalizer P of iV in G is the unique minimal parabolic 
subgroup of G containing B. 

Lemma 4.1. There exists a split Cartan subgroup AofG with respect to K and an ordering 
on the root system $ such that 

• G = KA+K. 

• B = AN. 

• N is the subgroup generated by all positive root subgroups of G with respect to A. 

• P = MAN, where M is the centralizer of A in K and M = K (1 P . 
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Proof. Take any split Cartan subgroup Aq and a Weyl chamber such that the Cartan 
decomposition G = KAqK holds. Set Pq = MqAqNq, where Mq is the centralizer of Aq 
in K, and Nq is the subgroup generated by all positive root subgroups of G with respect 
to Aq. Note that Pq is a minimal parabolic subgroup of G (see ^^Ij, Sec. 1.2.3]). By the 
Iwasawa decomposition, G = KPq. Since all minimal parabolic subgroups are conjugate 
to each other ([loc.cit.]), there exists k E K such that P = kP^k'^. Set A = kAok~^, 
A+ = kA^k~'^, and M = kM^k''^. It is clear that = kNok~'^. Since AN is normal in P, 
it is the unique maximal connected split solvable subgroup in P. Thus, B = AN. □ 

Let y4 be a split Cartan subgroup as in Lemma (4.11 Denote by M be the centralizer of 
A in K and by the subgroup generated by all negative root subgroups of G. One can 
check that the map 

N~ X M G/ B : {n,m) ^ nmB 

is a diffeomorphism onto its image. Moreover, it follows from the properties of Bruhat 
decomposition that G/B — tt{N~ x M) is a finite union of closed sub manifolds of smaller 
dimensions. On the other hand, by the Iwasawa decomposition, the map 

K G/B -.k^kB. 

is a diffeomorphism. Thus, we have a map x M ^ K. Since M normalizes B, this map 
is right M-equivariant. Denote by 5* C the submanifold which is the image of N~ x {e} 
under this map. 

Let u be the probability Haar measure on K and r the probability Haar measure on M. 
Then v = a ®t for some finite smooth measure a on S* (see fWj p. 73]), i.e., 

(4.2) [ fdu= [ f f{sm)da{s)dT{m), f e G{K). 

J K J M J S 

For C > 0, put 

A+{G) = {aeA: a(loga) > C for all a E $+}. 

Lemma 4.3. Let Q be a Borel subset of K, s E S , m E M, and k E K . For a E A, r E K , 

and U <Z K , define 

Qr{k, a,U) = {lEQ: IkB E a-^r-^UB}. 

(1) Let VW G K be an open neighborhood of s where V G S and W G M are open 
subsets. Then for every e > 0, there exists G > such that 

n m-^SWk-^) - n^Uk, a, VW)) < e for all a E A+{G). 

(2) Let U G K be a Borel subset such that s ^ UM . Then for every e > 0, there exists 
C > such that 

iy{ilsmik,a,U)) < e for allaEA+{G). 

Proof. Note that Qsm{k, a, U) = ■ {mQ)s{k, a, U). Hence, replacing Q by rriQ, we may 
assume that m = e. Also, Qs{k,a,U) = {Qk)s{e,a,U) ■ k~^. Thus, we may assume that 
k = e. 

The proof is based on the observation that elements in the interior of act on N^B as 

contractions (cf. Z, Proposition 8.2.5]). Denote by vr the map vr : A^^ G/B : n i-^ nB. 
Note that for a E A and Vq C S, 

(4.4) 7T-\a-^VoB) = a-^7v-\VoB)a. 
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Let D he a compact set in S such that a{S — D) < e/2. 

Suppose that s e VW. Let Wq C W he a. compact set such that t{W - Wq) < e/2. Then 
s'^VW is a neighborhood of Wq- By uniform continuity, there exists a neighborhood Vq of e 
in S such that VqWo C s~^VW. For each a G A'^, the map N~ N~ : x a~^xa expands 
any neighborhood of e at least by the factor of minQ,g$+ 6"^'°^"). Hence, there exists C > 
such that 7i-\DB) C a'^n-\VoB)a for all a G A+{C). Then by (jOj), DB C a'^VoB. It 
follows that DVTo^ C a-^VoW^o5 and 

z/(l],(e, a, VW)) > u{n f] DWq) > iy{n n SW) - u{{S - D)M) - iy{S{W - Wq)) 

> u{n n SW) - e. 

This proves the first part of the lemma. 

To prove the second part, we observe that there exists an open subset V G S such that 
s E V C K — UM. Since i/(m~^S'Mfc~^) = 1, it suffices to apply the first part with 
W = M. □ 

Lemma 4.5. Let W G M and Q G K be Borel subsets. Then every k E K, 

[ u{nr]m~^SWk'^)dT{m) = u{n)T{W). 

Proof. Without loss of generality, k = e. Since M normalizes A^~, we have m~^Sm C S. 
Since — SM) = 0, we may assume that Q C SM. Moreover, it suffices to prove the 
lemma for Q = fls^M with Borel sets fi^ C S* and Qm C M. By (14. 2p . 

u{n n m-^sw) = a{ns)T{nM n m-^w). 

For Y C M, denote by xy the characteristic function of Y. We have 

T{VtM ^m~^W)dT{m) = I I x^MiPlXm-mil) dT{l)dT{m) 
M Jm Jm 



Xn.Al) / XwiA^) c^^M Ml) = T{nM)T{W). 

M \Jm / 

Since z/(fi) = cr{Qs)'''i^M), this proves the lemma. □ 

5. Volume estimates 

Let G be a connected noncompact semisimple Lie group with finite center and G = 
KA~^K a Cartan decomposition. Let dk denote the probability Haar measure on K, dt the 
Lebesgue measure on the Lie algebra a of A, and da the Haar measure on A derived from 
dt via the exponential map. We denote by m the Haar measure on G which is normalized 
so that for any / G Cc{G), 

(5.1) / f dm = / / / f{kiak2)i{\oga)dkidadk2, 

Jg Jk J a+ Jk 

where 

(5.2) i{t)= W sinh(a(^))™^ tea, 
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and rria is the dimension of the root subspace corresponding to a. In particular, for any 
measurable subset D C A^, we have 

(5.3) Vol{KDK)= [ ^i\oga)da. 

Let II ■ II be a Euclidean norm on a, that is, for some basis vi, . . . ,Vn of a, || ^jCiWi|| = 
^y^~c^■ We assume that || • || is invariant under the Weyl group action. For instance, 
II • II can be taken to be the norm induced from an invariant Riemannian metric d on the 
symmetric space K\G, i.e., 

||t|| = d{K, Kexp{t)) for t G a. 

For T > and tea, set 

iT = {tet: \\t\\ < T}. 
Let p = I nT-aa. One can check that the maximum of p on ai is achieved at a unique 

point contained in the interior of a^, which we call the hary center oi o"*". 

We present a simple derivation of the asymptotics of the volume of Riemannian balls in 
a symmetric space of noncompact type (see also |Knl Theorem 6.2]). 

Lemma 5.4. Let q be a convex cone in centered at the origin that contains the barycenter 
o/ in its interior. Then for some C > (independent ofq), 

I m dt -T^oo c ■ T^^-^y^e'^, 

where r = M-rank(G) = dim A and 6 = max{2p(t) : t Eai}. In particular, 

/ ^{t)dt / ^dt. 



Proof. We have 

/ ^{t) dt = f e^P^'^ dt + "other terms", 

J qT ^ It 

where the "other terms" are linear combinations of integrals of the form j^^ e'^*-*-* dt such 
that 2p — A = for some > 0. In particular, 2p > A in the interior of the Weyl 

chamber . Since the maximum of 2p in ai is achieved in the interior of q, 

max{2p(t) : t G qi} > max{A(t) : t G qi} =^ 5'. 

Thus, 

I e^W dt < e''^ Vol(qT) « e''^T^ = o{e'^) 

J qrp 

as T — > cx). It remains to show that for some C > independent of q, 
(5.5) [ e^^W rft C ■ r(^- W^. 

Making a change variables and decomposing qi into slices parallel to the hyperplane {2p = 
0}, we have 

[ e^P^'Ut = T' j e^^P^'Ut = T- f e^''(t){x)dx, 
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where (j){x) = Volr_i(qi fl {2p = x}). 

First, we show that for some Ci > independent of q, 

(5.6) <P{x)^,^s-ci-{6-xf-'^/'. 

We identify a with the set {{ti, ■ ■ ■ ,tr) E W} and denote by Q the positive quadratic form 
on a defined by the norm. After a hnear change of variables, we may assume that 2p(t) = tr 
and 

Q{ti, ...,tr) = ^ ai{ti - PiUf + artl 

i=l 

for some ctj > and jSi G M. It is clear that the maximum of 2p{t) on the set ai = {t : 
Q{t) ^ 1} is achieved when ti = (3it^ for i = 1, . . . , r — 1 and a^tl = 1. This implies 
that 6 = ar Since for x close to S, the set fl {2p = x} is defined by the condition 
Q{ti, . . . , tr-i, x) < 1, we have 

0(a;) = Vol,._i • • • '^^--i) • - Pi^Y < 1 - arx"^ 

= ci ■ (1 - arx'f = ci ■ (1 - xV52)(^-i)/2 
for a constant Ci > 0. This proves ()5.6p . Now by ()5.6|) and the L'Hopital's rule. 



for some C2 > 0. Thus, by the Abelian theorem (see |Wi| Corollary la, p. 182]), 

/ e^"0(x) dx = e^^ / e-^"0(5 - x)dx = e^^ / e-^"rf/?(x) 
Jo Jo Jo 

for some C3 > 0. It is clear that C3 is independent of q. This proves and the proposition. 

□ 

For T > and RcG, define 
(5.7) RT = {reR: d{K, Kr) < T}. 

Since Gt = KA^K, combining the previous lemma and ()5.3|) . we deduce 
Corollary 5.8. For some C > 0, 

VoI(Gt) ~t-.oo C ■ T^^-^y^e'^. 

In particular, we have 

Lemma 5.9. For some functions a{e) and b{6) such that a{6) —>■ 1 and b{e) —>■ 1 as e —>■ 0^ , 
we have 

(^^r ■ , Vol(gr-.) Vo1(Gt+.) ^ , 

a{e) < hmmf . < limsup , < 6(e). 

T^oo VoI(Gt) T-*oo VoI(Gt) 



ORBITS OF DISCRETE SUBGROUPS 



19 



For T,C > and Rc A, define 

(5.10) R{C) = {reR: a(logr) > C for all a G $+}, 

R^{C) = RrnRiC). 

Lemma 5.11. Let Q C A'^ be a convex cone centered at the origin that contains the 
barycenter in its interior. Then for any fixed C > 0, 



^{\og a) da r^T^oo / ^{\og a) da. 

t{C) Ja+ 

In particular, 

Vo\{KA:^K) ~T-.oo Vo\{KA+{C)K). 

Proof. It suffices to prove the lemma when Q is contained in the interior of A^. Then there 
exists To > such that Qt{C) ^ Qt — Qto for all sufficiently large T > 0. Thus, the lemma 
follows from Lemma [5.41 □ 



6. Equidistribution of solvable flows 

Let G be a connected noncompact semisimple Lie group with finite center which is realized 
as a closed subgroup of a Lie group L, A a lattice in L, and Q a closed subgroup of G that 
contains a maximal connected split solvable subgroup of G. In this section we investigate 
the distribution of orbits of Q in the homogeneous space A\L. 

Let Kq be a maximal compact subgroup of G and Aq a split Cartan subgroup of G with 
respect to Kq. Then G = KqAqKq for any positive Weyl chamber Aq in Aq. Denote by d 
an invariant Riemannian metric on Kq\G. For g & G, R G G, Q G Kq, and T > 0, define 

Rrig, n) = {reR: d{Ko, K^gr) <T,re g-'KoA+n} 

and Rrig) = RT{g,Ko). Note that 

Rrihg, n) = Rrig, fi) = g-\gR)Tie, n) 

for any kQ E Kq. 

The main result in this section is Theorem 16 .11 on equidistribution of the sets Qrig, ^) as 
T —>■ oo. Let fi be the Haar measure on L such that /i(A\L) = 1, z/q the probability Haar 
measure on Kq, and p a right invariant Haar measure on Q. Denote by (?„ the product of 
all noncompact simple factors of G. 

Theorem 6.1. Suppose that for y G A\L, the orbit yGn is dense in A\L. Then for g E G, 
any Borel subset Vt C Kq with boundary of measure zero and f G Cc(A\L), 

hm \ / f{yq-')dp{q) = z/o(Mofi) / f dp. 
T^'^ piQAg)) jQr{g,n) Ja\l 

The rest of this section is devoted to a proof of Theorem 16. 11 We start by stating a 
theorem of Shah Corollary 1.2]). Recall that a sequence {gi} C G is called strongly 
divergent if for every projection vr from G to its noncompact factor, TT{gi) ^ oo as i ^ oo. 
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Theorem 6.2 (Shah). Suppose that for y G A\L, the orbit yGn is dense in A\L. Let 
{gi} G G be a strongly divergent sequence. Then for any f G Cc(A\L) and any Borel subset 
U in Kq with boundary of measure zero, 

lim / f{ykgi)duo{k) = Uo{U) / f d/i. 
Ju Ja\l 

Remark 6.3. Although this theorem was stated in [Hj only for the case U = Kq, its proof 
works equally well when U is an open subset of Ko with boundary of measure zero, and 
approximating Borel sets by open sets, one can check that Theorem lfi.2l holds in the above 
generality. 

Let K = g^^K^g and i? be a maximal connected split solvable subgroup of G. By Lemma 
14.11 there exists a a split Cartan subgroup A with an ordering on the root system $ such 
that G = KA^K and B = AN, where N is the subgroup generated by all positive root 
subgroups of A in G. Let M be the centralizer of A in K. 

Let m be the Haar measure on G such that ()5.H) holds with respect to Kq and Aq . It 
follows from the uniqueness of the Haar measure that for every g & G, there exists Cg > 
such that 

(6.4) f fdm = cJ [ f{g-^kgh)dp{h)dvQ{k), feG,{G). 

Jg J Kq J B 

In particular, 

(6.5) Cgp{BT{g)) = Yo\{GT{g)) = Vol(GT(e)). 

We normalize p so that Cg = 1. Let v be the probability Haar measure on K. 
We use notations from Section |3] In particular, ()4.2|1 holds. 

Proposition 6.6. Suppose that for y G A\L, the orbit yGn is dense in A\L. Let U = VW 

be an open neighborhood of e in K where V is an open neighborhood of e in S , and W is 
an open neighborhood of e in M such that a{dV) = T{dW) = and Q a Borel subset of Kq 
such that uqIOQ) = 0. Then for any f G Gc{A\L), 

f{yh-^k-^)dp{h)dk^v{U)vQ{MQn) [ f dp 

UJBT{g,n) Ja\L 



piBrig)) 
as T ^ oo. 




Proof. Since both Aq and gAg ^ are split Cartan subgroups with respect to Kq, there exists 
kQ G Kq such that Aq = kogAg'^k^^ . Hence, replacing g by kQg, we may assume that 
A = g-^AQg. 

Let d be the Riemannian metric on K\G induced from the metric on Kq\G by the map 
Kx I— i> Kgx, and notations Aj, A'^{C), and A'^{C) be defined as in Sectional For instance, 

= {a G : d{KQg, KQga) < T]. 

Since KA^K = g~^GT{e)g, it follows from and ()6.5|1 that for every T > 0, 

(6.7) p{BT{e))= [ a^oga)da 

Ja+ 
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and by Lemma fS.lH 



(6.8) / ^(loga) da = o{p{BT{e))) as T ^ oo. 

Since Bj-lg, Q) = B^lg, MqQ), we may assume without loss of generality that MqQ = Q. 
We have 

UBT{g,n) = g-^KoA+^{e)nr]UB = KA+{g-^ng)g-^ nUB 
= {kiak2g~^ : ki e K,aE A^,k2 G fifc^(a)}, 

where 

nk^{a) = {k2 e g-^Vlg : k2g'^B e a'^k^^UB}. 

By dni) and 



(6.9) Cg f{yh-'k-')dp{h)dp{k)= f{yx'')dm{x) 

Ju JBT(g,n) JuBT{g,n) 

f{ygk2^a~^k^^) ^{\oga)di'{k2)dadu{ki) 
/ / f(ygk2^a~^ki^)^{\oga)du(k2)dadu{ki). 

Step 1: We claim that for every m G M, 

(6.10) lim \ / / / f{ygk'^a-\sm)-^)i{\oga)dv{k)dada{s) 

= aiV) ■ u{g-'Qg n m-'SWk^') ■ ! f dp, 

Ja\l 

where kg E K such that kgB = g^^B. 

Let = g-^ngnm-^SWk-^. One can check that z/(9f2m) = 0. To show the claim, we 
first fix s G \^ and e > 0. Note that 

^smia) = {ke g'^rig : kkgB G a"^m"^(s"V)Vr5}. 

By Lemma f4.3f l). there exists C > such that 

(6.11) f \f{ygk-^a-\sm)-^)\ du{k) < e for all a G A+{C). 
and by Theorem 16.21 for any sufficiently large C > and a G Aj(C), we have 



/ f{ygk-'a-\sm)-^)dv{k)-v{nr^) [ f dp 

Jflm JA\L 



< 6. 
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Hence, 



f{ygk a (sm) ) ^ {log a) di'{k) da 



^(loga) da ■ iy{9.m) ■ f dfi 



< / / \f{ygk-'a-\sm)-')\a\oga)di^ik)da 
'A+(c) Jn„,-nsmia) 



A+(C) 



f{ygk ^a ^{sm) ^) dv{k) - ^{VLm) / f d^ 



^ (log a) da 



< 



Thus, by (jHHI) and 



2e / ^(loga) da<2e / ^(loga) da. 
Ja+(c) Ja+ 



f{ygk ^a -^(sm) ^) ^ (log a) du^k) da 



This shows that for every s & V, 
hm 



A\L 



<2ep{BT{e)) + o{p{BT{e)). 



T^oo p{BT{e)) J A 



f{ygk ^a ^(sm) ^) ^(\oga)du{k)da 



l^{ilm) I f dp. 
IA\L 



Therefore, (j6.1(Jj) follows from the Lebesgue dominated convergence theorem. 
Step 2: We claim that for every m G M, 
1 



(6.12) lim 



T^oop(ST(e)) 



s-v ja:^ Jnsm(a) 



f{ygk ^a ^(sm) ^) ^{\oga)di'{k)dada{s) 



Let s & S — V and e > 0. By Lemma f4.3f 2). there exists C > such that 

i/(fism(a.)) < £ for all a G A^{C). 

Hence, by fl6.7|) . 

\f{ygk~'^a-'^{sm)-^)\^{loga)du{k)da 



e ■ sup I/I 



(C) ^n,„(a) 



< 



PiBrie)) J A 



^{\oga)da < e ■ sup |/|. 
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Since e > is arbitrary, it follows from ()(i.8|l that for any s G S — V, 

lim .J'..-, / / f{ygk'^a'^{smy^)^{loga)du{k)da = 0. 
T^oo p{BT{e)) Ja+ Jn,^(a) 

Hence, ()6.12p follows from the Lebesgue dominated convergence theorem. 

Since a{dV) = 0, combining ()6.10|) and ()6.12|) . we deduce that for every m G M, 



J™ /p"^/ [ [ [ fiVdk \sm) ^) i{\og a) dv{k)dada{s) 

= a{V) ■ u{g-^ngr]m-^SWkg^) ■ I f dp. 

Ja\l 

Thus, by ()4.2|) . the Lebesgue dominated convergence theorem, and Lemma f4. 51 

1™ /d\ an III f{ygk2'^a~\kiy^)^{loga)du{k2)dadu{ki] 
T^oo p{BT{e)) Jk J At Jn.^ia) 



a{V)- [ u{g-^ng nm-^SWkg^) dT{m) ■ [ f dp 
Jm Ja\l 



= aiVMg-'ngMW) / f dp = uiU)uoin) / f dp. 

Ja\l Ja\l 

Finally, the proposition follows from ()6.5p and ()6.9|) . □ 

Proof of Theorem 16. IL Let i? be a maximal connected split solvable subgroup of G con- 
tained in Q. Since G = KB, we have Q = DB for D = K n Q. Then 

(6.13) QTig,n) = DBTig,n) 

and for suitable Haar measures pb and u^, on B and D respectively. 

(6.14) / f{q)dp{q)= [ [ f {dh) dpB{h)dMd), feG,{Q). 

JQ J D J B 

Hence, Theorem 16.11 for Q follows from Theorem 16.11 for B and the Lebesgue dominated 
convergence theorem. Thus, we may assume that Q = B. 

Let e > 0. One can find a neighborhood t/ of e in ii" as in Proposition 16.61 and functions 
/+, /- G C,(A\L) such that 

f"{xk-^) < f{x) < f^ixkr^) for all x G A\L and k e U 

and 

\f^-f-\dp<e. 

A\L 



Put 

= -JWT^^ I fiyb-'k-') dp{b), k G K. 
p[BT[g)) JBT{g,n) 
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For any k & U, 



(6.15) \ I riyb-'k-') dp{h) < Frie) 

P{Bt{9)) JBrig^n) 



< .r, . / riyb-'k'')dp{b). 
p{Bt{9)) JBT{g,n) 



Integrating over U G K, we obtain 

' ! ! 

p{BT{g)) Ju JBT{g,n) 



(6.16) .J' . / / f-{yh-^k-^)dp{h)dv{k) <v{U)- Frie) 



< (r, f ,J / riyb-'k-')dpib)duik). 



Hence, by Proposition 16.61 



y{U)vQ{MQVL) / f'dp< u{U) ■ lim inf ^^(e) 



A\L 



< u{U) ■ limsupFr(e) < v{U)uo{MQn) / f+ d^. 



A\L 



This shows that 



uo{Mon) ■ ( [ fdp-e]<\im inf Frie) 
\Ja\l J 

< hmsup Frie) < vq{MoVl) I f dp + e] 



'A\L 

and the theorem follows. □ 

Since it follows from the result of N. Shah (see [SI Theorem 1.1]) and Ratner's topological 
rigidity |R2j that yQ = yGnQ for every y G A\L, one may expect that Theorem 16.11 holds 
under the condition yQ = A\L as well. 

Lemma 6.17. Let L be a connected semisimple Lie group with finite center and L = L^Ln 
the decomposition of L into the product of compact and noncompact factors. Suppose that 
for y G A\L, we have yGn D yLn and yGnQ = A\L. Then the conclusion of Theorem \6. 1\ 
holds. 

Proof. Let S C Q be a maximal connected split solvable subgroup of G. Then Q = DB for 
D = KnQ. By Ratner's theorem on orbit closures |R2j . the set yGn is a homogeneous space 
yGo with a probability Go-invariant measure po, where Gq is a closed connected subgroup 
of L that contains L„. Applying Theorem 16.11 to the space yGo and the subgroup B, we 
deduce that 

hm ^ [ f{yb-')dpBib) = Uo{^m I fdpo 

T^o^ PB{BT{g}} J BT{g,n) JyGo 

for every / G Cc(A\L), where pb is a right invariant Haar measure on B. Since yGnQ = 
A\L, LnQ = LnD, and L„ C Gq, we have 



(6.18) A\L = yGnD = yGoD. 
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(Here we used that D is compact.) By ()6.13p . ()6.14|) . and the Lebesgue dominated conver- 
gence theorem, 

lim ^ [ fiyq-')dp{q) = MM,n) [ f df, 
p{QT{g)) jQT(g,n) Ja\g 

for every / G Cc{A\L), where the measure /2 is defined by 

f fdj2= [ [ f{zd~')dpo{z)duD{d), feC,{A\L). 

Ja\L J D JyGo 

Since L„ is a normal subgroup of L, it is clear that the measure fi is invariant under LnD. 
This measure corresponds to a Radon measure ft on L which is right (L„D)-invariant and 
left StabL(?/)-invariant. Namely, 




We have a decomposition = fl^ duj{x) for a Radon measure u on L^, where p^ is a right 
L„-invariant measure on the leaf xL„ for u-a.e. x G L^. Since L„ commutes with x G Lc, 
jlx is left L„-invariant too. It follows that the measure jl is left L„-invariant. Thus, it is 
left invariant under Stabi(?/)L„ D Gq. Setting E = CqD L^. and F = DLn H Lc, we deduce 
that the measure uj is left ^'-invariant and right F- invariant. Note that EF is a closed 
subset of Lc, and it follows from (jfj.lHj) that yLnEF = A\L. Thus, by the Baire category 
theorem, the set EF contains an open subset of L^. Since the group E x F acts transitively 
on EF, this implies that EF is open in L^. Thus, = EF because L is connected. By 
[K1 Theorem 8.32], is a Haar measure on L^. This implies that fi is L-invariant, and the 
lemma follows. □ 

7. Distribution of lattice points in sectors and the boundary 

In this section, we apply Theorem 16.11 in the case when A\L = r\G in order to deduce 
Theorems 11.11 and 11.21 We use notations from Theorem 11.21 In particular, A is a split 
Cartan subgroup with respect to Ki, g~^Kig = K2, Mi is the centralizer of A in Ki, and 

M2 = n Q. 

To simplify notations, we make the following conventions in this section: 

• For C G and T > 0, 

RT = {reR: d{Ki, K^gr) < T}. 

• For T, C > 0, fii C Ki, and ^2 C K2, 

NTini,n2) = #(^T^(?-lf^lA+^]l^^]2Q), 
N^{Qi,n2) = #(^T^(?~lf^lA+(C)^]l^fi2Q), 

where is defined as in (jS.lUp . 

• For T,C > and Q C Ki, 

Q^{n) = n g-^KiA+n, 
Q^{n) = n g-^KiA+{C)n. 
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Let m denote the Haar measure on G such that ()5.1|) holds for Ki and p the right invariant 
Haar measure on Q such that 



(7.1) fdm= f{kq)dp{q)dv2{k), f e 0,(0). 

Jg J K2 Jq 

Lemma 7.2. For any C > 0, Vli C Ki, and VL2 C K2, 

hm —i— (iv^(^^l, ^^2) - N^i^i. ^2)) = 0. 

Proof. Fix D > C > Q and e > 0. By Theorem 13 .T^ there exists a neighborhood (9 of e in 
G such that 

(7.3) 0-i(7-^7riA+(D)iri C g-^K^A-^{C)K^. 

In addition, we may choose O so that 

r n 0-^0 = {e} and OGt C Gr+e for all T > 0. 
It follows from (j7.3p that 

0-{T- g-'K,A+{C)K,) cG- g-'K,A+{D)K,. 

Thus, 

NriQi, ^2) - N^i^i, ^2) < #{7 e Ft - g-'K,A+{C)K,} 
if II „ \ 1 



-m 



,,0V- I U N -7^MGt+s-9-'K,A^D)K,) 

m(0) \ ^ / miO) 



m{0) 

by ()5.3p and Lemma f5. Ill Now the lemma follows from Lemma f5. 91 □ 

The proof of the following lemma is similar and is left to the readers. 
Lemma 7.4. For any G > and Q G Ki, 

hm —L_(p^Q^{n)) - piQ^m) = 0. 

Proof of Theorem 11.21 Without loss of generality, m{r\G) = 1. It is easy to check that 
z/i(9(Mifii)) = z/2(9(fi2M2)) = 0. Thus, we may assume that Qi = MiQi and ^2 = ^^2M2. 
We need to show that 

iVr(fii,fi2) -T^oo M^i)M^2)m{GT). 

Fix any e > and G > 0. Let U he a neighborhood of e in Ki with boundary of measure 
zero such that uil^li — Qi) < e, where 

= IJ and f^r = n 

ueu ueu 
One can check that ui^d^lf) = 0. 
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By the strong wavefront lemma (Theorem 13. 7|) . there exists a symmetric neighborhood 
O' of e in G such that 

(7.5) 0'g-^KiA+{C) C g-^KiA+U and O'Gt C Gt+s for all T > 0. 

Set O = M2{0' n Q)M2. Note that (9 is a symmetric neighborhood of e in Q. Using the 
fact that M2 C g~^Kig, it is easy to check that ()7.5|1 holds for O as well. We may also 
assume that p{dO) = 0. 

Let / be the characteristic function of Q2O C G. Since the decomposition h = hxi^q for 
^ K2 and hg E Q is uniquely determined modulo M2 and M2O = O, we have 

f{h) = Xn2{hK2)Xo{hQ). 
We also define a function on r\G by 

Step 1: We claim that for any T > 0, 

(7.6) N^in,, n2)<^ [ F(g-i) dpiq), 
We have 

(7.7) / F{q~')dp{q)= I \Y.Xn2{lK2)Xo{lQq-')\ dp{q) 

= Yl piQT+e{nt)no-fQ). 

7er:7x2Gn2 

It follows from ()7.5p that 

This implies that for every 7 G F such that 7q G Q^(fii), 

p(gT+.(^^|)n07Q)=p(0). 

Thus, 



/ 



F{q-') dp{q) > #{7 e r : 7i.2 e 1^2, 7q e Q?(f^i)} • p{0) 

= N^{n,,n2)p{o). 

This proves ()7.6p . 

Step 2: We claim that for any T > 0, 



(7.8) NT{n^, n2)>^ [ F{q-') dp{q). 
As in (1771) . 

(7.9) / F(g-i)rfp(g)= p(g?_,(r]r) n 07q). 
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Since UQ^ G fli, we have by ()7.5|) . 
Therefore, for 7 G F such that 7q ^ Qt{^i), 

p(gg_,(fir) n = 0. 

By (HI), 

/" F(g-i)dp(g) < #{7 G r : 7x, G f^2,7Q G Qt(I^i)} ■ p(0) 

= NT{n,,n2)piO). 

This proves ()7.8j) . 

Since the boundary of the set fl20 has measure (this can be checked using ()7.1|l ). 
the function / can be approximated by continuous functions with compact support and 
Theorem 16 . 1 1 can be apphed to the function F (see Lemma f(i .1711 : 

(7.10) hm —L^ / Fiq~')dpiq) = u^i^f) [ F dm 

= u,{nf) [ fdm = ui{nf)u2{n2)p{0). 



G 



Note that by ()7.H) . m{GT) = p{Qt)- Combining ()7.8|) . Lemma 17^ and ()7.10|) . we deduce 
that 

hminf ^^(^i'^^) ^ jjj^ j^f / F{q'^) dp{q) 

> ("liniinf ■ hminf ]^ / F{q-^) dp{q) 

> a(e)z/i(Jl];)z/2(fi2) > a(e)(z/i(ili) -e)z/2(^2), 

where a(£:) is defined in Lemma 15.91 Since e > is arbitrary, it foUows from Lemma 15.91 
that 

hmmf > z/i(i2i)z/2(i^2)- 

m{GT) 

By Lemma O (EHl), and (fTTIUl . 

lim sup 7— — — = lim sup -— — — 

T^oo m[GT> T^oo m(Gr) 

< lim sup \ I F{q'^)dp{q) 

< Mimsup "^'^^^'M - lim sup ) [ F{q-^)dp{q) 

\ T-^oo m{GT) J T^oo p[0)p[QT+e) JQ^+A^t) 

< 6(£)z/i(n+)z/2(fi2) < bis)il^iin,)+E)u2{n2), 
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where b{e) is defined in Lemma f5. 91 Thus, by Lemma f5. 91 

hmsup < ui{ili)u2{ih), 

T^oo m{GT) 

and the theorem is proved. □ 

Proof of Theorem 11.11 Note that G is a connected semisimple center-free Lie group with 
no compact factors, and and Ky are maximal compact subgroups of G. Since G acts 
transitively on X (see, for example, jHl Theorem IV.3.3]), there exists g E G such that 
y = xg. Then Ky = g'^K^g. The closed positive Weyl chamber Wx. at x is of the form 
xA^ , where is a positive Weyl chamber in a split Cartan subgroup A of G with respect 
to Kx ■ The stabilizer of 6 G X(oo) in G is a parabolic subgroup Q of G (see |(t.TT| 
Proposition III. 3. 8]). In particular, Q contains a maximal connected split solvable subgroup 
of G. Let TT : Ky — * hG be the map given by A; i-^ hk~^ . Then for VLi C Kx and C &G, 

#{7 e r : ^7 e W,^]l n Bt(x), 67"' e n^} 

= #{7 e r n r'^.^+^i n Ti-\n2)Q d{Kx, K^g^) < T}. 

Note that tt maps the probability Haar measure on Ky to the measure mh^y Using the fact 
that the map vr is open, one can check that the set 'k^^{VL2) has boundary of measure zero 
ii mi)^y{dVL2) = 0. Hence, Theorem 11.11 follows from Theorem 11.21 □ 

8. Distribution of lattice points in bisectors 

Let G be a connected semisimple Lie group with finite center and G = KA'^K a Cartan 
decomposition of G. To simplify notations, we fix (7 G G and for ^2 C -ft' and T, G > 0, 
define 

Gt = {heG: d{K, Kgh) < T}, 

GT{yii,vi2) = ^"^^]lA+^]2 n Gt, 
NT{n^,n2) = #(rnGT(fii,^^2)). 

If we set A^ = {aeA+ : d{K, Ka) < T}, then Gt(1^i, ^^2) = ^"^f^iA+n2. 

Let G be a closed subgroup of a Lie group L and A a lattice in L. Let m be a Haar 
measure on G such that ()5.H) holds and fi the Haar measure on L such that fi{A\L) = 1. 

Theorem 8.1. Suppose that for y G A\L, the orbit yGn is dense in A\L, where Gn is 
the product of all noncompact simple factors of G. For any Borel subsets Qi, VL2 d K with 
boundaries of measure zero and f G Gc(A\L), 

hm [ fiyh-')dm{h) = z/(l^i)z/((]2) / f dfi. 

Proof By (fOl . 



.2) [ f{yh-^)dm{h)= f [ [ f{yk2^a~^k^^g)i{\oga)dk2dadki 

f{yk2a~^k^^ g) ^ (log a) dk2dadki. 



Oi 
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Since z/(i72^) = ^(^2), by Theorem lfi.2| for every e > 0, there exists C > such that 



Jn-^ Ja\l 



< e 



for all a G A^{C). Since m{GT) = X1+ ^(loga) da, it follows from Lemma f5 . 1 II that 



•4) 



Combining ()8.3p and ()8.4|) . we get 



^(loga) da = o(m(G'r)) as T ^ 00. 



/ / /(z/^2a- ^k^^g) dk2^ (log a) da — ^{^12) ■ / ^(loga)(ia- / f dfi 
J A+ Jn-^ Ja+ Ja\l 

< [ [ f{yk2a-'k^'g)dk2-iy{n2) [ f dfi 
Ja+(c) Jnz^ Ja\l 



C,(\og a)da 

+ 2 sup I/I / C,{loga)da<6 / ^(log a) rfa + o(m(G'T)) 

Ja+~A+{C) Ja+{C) 

< e ■ m{GT) + o(m(G'r)) as T — > 00. 
This proves that for every ki G K, 

f {yk2a~^ki^g) ^{\og a) dk2da = p {0.2) f f dji. 
:^ Jk\L 



lim 



T^oo m(G'T) Ja+ Jn^' JA\L 
Now the statement follows from ()8.2|) and the Lebesgue dominated convergence theorem. □ 
Proof of Theorem 11.61 We need to show that 

miGr) 



m{T\G)' 



We may assume without loss of generality that QiM = Qi, MQ2 = ^2, and m(r\G) = 1. 
Since M contains all compact factors of G, we may assume that G contains no compact 
factors. 

Fix e > and C > 0. There exists a neighborhood U of e in with boundary of measure 
zero such that — < e, i = 1,2, where 



u 



and 



ft: 



Note that ly(dilf) = 0, fliU C fl^, and fl^ U C fli. By the strong wavefront lemma 
(Theorem 13. 7j) . there exists a neighborhood (9 of e in G such that 



15) 



OQ^A+{C)Q2 C Q1A+Q2, 

O^^Gt C Gt+s forallT>0. 
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Let 

N^{n,,n2) = #(^^Gg(^]l,^]2))• 

It is not hard to show (see Lemmas 17.21 and 17.41 for a similar argument) that 

(8.6) m{GT{ni,Q2)-G^{Qi,n2)) = o(m(GT)), 

(8.7) NT{ni,n2)-N^{ni,^2) = o{m{GT)) 
as T ^ oo. 

Let / G Cc{G) be such that / > 0, supp(/) C O and / dm = 1. Define a function on 
r\Gby 

Clearly, J^.^Fdm = 1. We claim that 



ir\G ■ 

A/'^(ni,fi2)< / F{h-^)dm{h) 



and 

(8.9) NT{ni,n2)> [ F{h-^)dm{h). 

First, we observe that 

/ F{h^^)dm{h) = I f{h~^)dm{h). 

By (jH31), 

o-^G^{ni,n2) C Gr+ei^t^^t)- 

Thus, for every 7 e Ffl G^i^i, ^2), we have O'^ C Gr+ei^t , ^^)7"^ and 

f{h-^)dm{h) = 1. 

This implies ()8.8j) . 

To prove (|8.9|) . we use that 

[ F{h-^)dm{h) = [ f{h-^)dm{h). 

By dHSl), 

CGg_,(fi^,^]2") C Gr(^^i,^^2)- 
Therefore, for 7 G L - ^^(^^i, 1^2),we have n G^^^iVl^ , ^2)1'^ = and 



f{h-^)dm{h) = 0. 

Gg_^(Q-,Q2)7-i 



This proves (j8.9|) . 
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By dHU), (ESI), and Theorem lO 

liminf — "^^ , "^^ > liminf — ,^ , f F(h~^) dm(h) 

> f liin inf ""^^^""^ ^ ■ lim inf — /" F(h-') dmih) 

> a{e)iy{n^)u{n^) > a{e){u{ni) - e){u{n2) - e), 

where a{e) is defined in Lemma 15.91 Since e > is arbitrary, it follows from Lemma 15.91 
that 

limmf — — — > i/{ili)u{il2). 

T^oo m{GT) 

The opposite inequality for lim sup is proved similarly using ()8.7p . ()8.8|) . and Theorem 

EH □ 

9. Measure-preserving lattice actions 

Let G be a connected semisimple Lie group with finite center and Fi, r2 lattices in G. 
Let L = G X G, A = T1XT2, H = {{g, g) : g & G}, and Q a closed subgroup of H containing 
a maximal connected split solvable subgroup of H. Fix an invariant Riemannian metric d 
on the symmetric space K\G, and for T > and g & G, define 

QTig) = {iq,q)eQ: d{K,Kgq)<T}. 

Corollary 9.1. Suppose that for y G A\L, the orbit yQ is dense in A\L. Then for any 
f G a(A\L), 

T^oo p[QT{g)) jQ^(g) Ja\l 

where p is a right Haar measure on Q, and fi is the L-invariant probability measure on A\L. 
Proof. It suffices to check the conditions of Lemma 16.171 Namely, we need to show that 



(9.2) yHn D yLn, 

where Hn and L„ denote the product of all noncompact simple factors of H and L respec- 
tively. We also denote by He and Lc the product of all compact simple factors of H and L. 
By Ratner's theorem on orbit closures jR2j . yHn = yHo for some closed subgroup Hq of L 
containing Then yH^Hc = yH = A\L, and it follows from the Baire category theorem 
(cf. proof of Lemma l6.17p that HqHc is an open subset of L. Since HqHc is also closed, we 
conclude that L = HqHc. Now ()9.2|) follows from the Lemma f9.3l below. □ 

Lemma 9.3. Let S be a connected subgroup of L that contains Hn- Then S = {S f] Ln){S f] 
Lc). 

Proof. Let f)„ C s C I = © lc be the corresponding Lie algebras. We have decompositions 

f)„ = 0f)^ and ln = ^t 

i i 

where \]\ and are the simple ideals of P)„ and [„ respectively such that f)^ C V^. Note that 
f)^ is a maximal subalgebra of [\. In particular, f)^ is its own normalizer in 
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It suffices to show that for every s = si) + Sc G s with Si G and Sc G Ic, we have 
Si,Sc G 5. Clearly, 

K,s] = [t)i,Si\ CS. 

If Si] + i)n 7^ i)n, then [f)^, Si] + f)^ generates 1^, and hence, C s. Otherwise, Si 
normalizes P)^, and it folows that Si G i)^. In both cases, Si G S. Then Sc = s — Sj G s 
too. This proves the lemma. □ 

Theorem 11.91 can be deduced from Corollary 19.11 as it was explained in |GWj or [0] ■ 

10. Application to the Patterson- Sullivan theory 

In this section we present the proof of Corollarv ll.l2l which is based on Theorem 11.61 and 
the standard Abelian argument. 

Let G be the identity component of the isometry group of the symmetric space X and 
K the stabilizer of x in G. Note that G is a connected semisimple Lie group with trivial 
center and with no compact factors, and that K is a maximal compact subgroup of G. We 
may identify X with K\G. In particular, y = Kg for some g E G. Let A be a split Cartan 
subgroup with respect to K, a the Lie algebra of A, and a closed Weyl chamber in A. 
We use notations (j5.7p and (j5.10|) . 

By (II. 5p and Lemma f5. 81 

#{7 G F : d{x, 1/7) < T} = #(1 n g-'Gr) ~t^oo c,T^'-'^/^e'^ 

for some Ci > 0, where 6 = max{2p(t) : t E a, \\t\\ < 1}. Applying |WH Corollary lb, 
p. 182], we obtain that for some constant C2 > 0, 

7er ^ ' 

This shows in particular that the constant S defined in Lemma coincides with the critical 
exponent Sr of the Dirichlet series ()10.H) . 

For if G a and k E K, we define a geodesic ray 

o'H,k{t) = X exp{tH)k, t > 0, 

and denote by [(TH,k] the element in X(oo) corresponding to this ray. 

Let X = X U X{oo) be the conic compactification of X (see jGJTl Ch. Ill]) and fi^ a 
measure on X which is a limit point of the sequence ^x,y,s as s — 5^. It will follow from 
our argument that fi^ is unique, and hence, fJ'x,y,s fJ'x as s ^ 5+. 

Lemma 10.2. The support of Hx is contained in [cr^j g] ■ K C X(oo), where v E a is the 
barycenter in (see Sec. 

Proof. Since the set yT C X is discrete, it follows from (jl.llj) and ()10.1|1 that fix{X) = 0. 

Let S C A'^ be an open convex cone centered at the origin that contains the barycenter 
of A'^ in its interior and C > 0. Then the set 

Usio = xS{C)K U {[auA G X(oo) : H G log(5(C)), k E K} 

is a neighborhood of {(yv,e\ ■ K in X. It follows from Lemma [3.21 that two geodesic rays UsiM 
and £7^2,^2 (si, S2 E S, ki, ^2 G K) are not equivalent unless Si and S2 are coUinear. Thus, 

Ke]-i^ = 0(^5(0 nx(oo)). 
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where the intersection is taken for all open convex cones S in y4+ with center at the origin 
containing the barycenter and C > 0. Hence, it suffices to show that fixi^) = fJ'xi^ ~ 
Usio) = 0. 

Fix e > and D > C > 0. For simplicity, write Us for Us{c)- Let T be a cone with the 
same properties such that T d S. By the strong wavefront lemma (Theorem 13 .71) . there 
exists a neighborhood O of e in G such that 

O-^ ■ g-^KT{D)K C g-^KS{C)K. 

In addition, we may choose O such that 

O-^O n F = {e} and Og-^Gr C g'^Gr+e for all T > 0. 

Let 

(3s{T) = #{7 e F : d{x, 1/7) < T, 2/7 ^ Us}. 

Using ()5.3p . we have 

Ps{T) = # (f n {g~'GT - g-^KS{C)K)) 

= Vol (U {(^7 : 7 e F n {g-'Gr - g-'KS{C)K)]) 

« Vol (O ■ {g-'Gr - g-'KS{C)K)^ < Vol [g-'Gr+e - g-'Kr{D)K) 

« / e2^(i°^") da « (T + eye''^''^'\ 

where 5' = max{2p(loga) : a G Af — T}. Since S' < 6, it follows from |Wil Theorem 2.1, 
p. 38] that the sum e~^^dPs(t) converges for s = 6. Thus, for / G C{X) such that 
supp(/) cX-Us, 

POO 

V e-^'^(^'2'^)/(z/7) < sup I/I ■ / e-''dps{t) = 0(1) ass^S+, 

and /i^(/) = by (fTTTI and fnTTl) . This proves that p^(X - Us) =0. □ 

Now to prove Corollarv ll.l2l it suffices to show that for every / G C{X) and k G K, 
(10.3) /ix(/fc)=/ix.(/), 

where is defined as fk{z) = f{zk) for z E X. 

Let C > 0. The set xA'^{C)K is diffeomorphic to the product v4+(C) x {M\K), where 
M is the centralizer of A in i^', and Xy4+(C)i^' is homeomorphic to xA~^{C) x {M\K). By 
Lemma flU.2[ we may assume that 



supp(/) C xA+{C) X M\K. 

Moreover, by the Stone- Weierstrass theorem, it suffices to prove ()10.3|) for the functions / 
of the form f{zk) = (l){z)tp{k) for G C{xA+{C)) and G C{M\K). 
We claim that 

(10.4) //,.(/)= 0(Ke]) [ ijdu, 

Jk 
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where v denotes the probabihty Haar measure on K. Note that this imphes ()10.3p . Without 
loss of generahty, ^ 0, 7^ 0. 

Let e > and (9 be a neighborhood of [crt,,e] in such that 

(10.5) |0(;2)-0(KJ)| forzeO. 



Let Xi, = 0, . . . , n, be a partition of unity on xA+(C) such that \(y„^^ ^ supp(xi) for i 7^ 
and supp(xo) C O. Let fi = {4>Xi) ® ioi each < i < n. Note that / = ^"=0 

For h & G such that yh G xA~^{C)K, we denote by the unique element in M\K 
such that y/i G xA^{C)kh. By the properties of Cartan decomposition, the map h kh is 
smooth. We have 

(10.6) Yl e-^'(^'^"V(2/7) - 0(Ke]) Yl e-^'^(^'^^)^(fc,; 
7Gr 7erng-iXA+(c)7<' 

n. 

< EE^"'"^"''"^ 1/^(2/^) - '^(Ke])(x. ® ^)(l/7)l 
i=i 7er 

+ J2 1/0(1/7) - 0(K,e])(xo ® ^)(l/7)|. 

7erng-iKA+(c)ii' 

For each 1 < i < n, 

supp(|/i - (/)(K,j)(xi ® ^)|) n Ke] ■ = 0. 

Thus, by Lemma ri0.2[ 

/ix ( I /i - 0(o-t,,e) (Xi ® ^) I ) = 0. 

It follows from the definition of and ()10.1|) that as s — » 

(10.7) J]e-^'^(-'^^)|/.(2/7) - 0(Ke])(x. ® ^)(2/7)l = " 5)-('-+^)/^) 
7Gr 

for each 1 < i < n. By flTn3|l . 

1/0(1/7) - 0(Ke])(xo ® ^){yi)\ < £ ■ (1 ® ^)(i/7) = £ ■ ^(^)- 

Thus, by Lemma flO. 91 below. 

(10.8) 5^ e-^'^(^''^^) 1/0(1/7) - 0(K,e])(xo ® ^)(l/7)l = ^ ■ 0((s - 5)-(^'+i)/2) 
7er 

as s — > (J"*". Combining ()10.6p - ()10.8p . ()10.1|) . and Lemma ri0.9l below, we deduce that 

E7ere-^'(^'^^V(2/7) 

hm sup /!,,,,,(/) = hmSUp^^ ^-sd(.,y^) 

s— >i5+ s^5+ A^'y^r 

< (l+£-O(l))0(Ke]) / ^du, 

JK 

liminf /i^.,y,^(/) > (1 - e ■ O(l))0([o-i,,e]) / V'fiz/. 
^^-5+ Jk 

This proves ()10.4|1 . completing the proof of Corollary I1.12| provided that we show the 
following lemma. 
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Lemma 10.9. For every ip G C{M\K) and C > 0, 



-1&Vr\g-^KA+(C)K 



Proof. By Theorem II .fi^ Lemma 17^ and Lemma EiHl for every Borel subset Vt C M\K such 
that u{d^) = 0, 

(10.10) #(r n g-'KA+{C)n) -t^oo ■ -t^oo K^) ■ ciT^^-^^/^e^^. 

Since continuous functions on M\K can be uniformly approximated by hnear combinations 
of characteristic functions of Borel subsets with boundaries of measure zero, we deduce that 



')&ng-^KAl^{C)K 

Thus, the lemma follows from |Wi| Corollary lb, p. 182]. □ 
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